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Part II of this study is concernedwith themodeling of all aspects of the compressive response
and crushing of the open-cell Al foam studied in Part I. The foammicrostructure is modeled
using the regular cell of Kelvin with cell anisotropy and ligament geometry established by
X-ray tomography. The ligaments are modeled as shear-deformable beams and thematerial
is elastoplastic calibrated to the properties of the Al alloy base material. It is demonstrated
that the initiation stress ofmeasured responses is associatedwith a limit load instability that
results from plastiﬁcation of foam ligaments due to combined bending and axial compres-
sion. The periodicity of the Kelvin cell enables calculation of the initial elastic properties
aswell as the initiation stresswith just a single fully periodic characteristic cell. The crushing
response is evaluated by considering ﬁnite size 3D domains that allow localized deformation
to develop. Localization is in the form of shear buckling that develops along the principal
diagonals of the Kelvin cell foam. Localized crushing is arrested by contact between the
ligaments of the buckled cells. Contact is approximated by limiting the amount a cell can
collapse in the direction of the applied load. This arrests local collapse and causes it to spread
to neighboring material at a nearly constant stress level as in the experiments. The stress
picks up when the whole domain has crushed. Although the calculated collapse patterns
differed from the more random ones observed in the experiments, the calculated force–
displacement responses match very well the experimental ones in all aspects.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The second part of this two part series of papers is concerned with the modeling of all aspects of the compressive re-
sponse of the Al foam discussed in Part I. In their studies of polymeric open-cell foams Gong and Kyriakides (2005, 2006)
and Gong et al. (2005a) idealized their random microstructure through the perfectly ordered 14-sided Kelvin cell shown
in Fig. 1 (Thompson, 1887). The periodicity of this cell enabled them to limit attention to smaller domains such as the char-
acteristic cell (drawn in lighter color in Fig. 1) used to establish the initial stable part of the response, and to periodic domains
of characteristic cells used to analyze the crushing part of the response. They showed that this idealization resulted in
dependable prediction of the initial elastic properties and in qualitatively correct prediction of the mechanisms associated
with the crushing response (plateau stresses were generally overpredicted). More recently, Jang et al. (2008) extended these
modeling schemes to include irregular Kelvin cell domains generated by introducing random perturbations of the coordinates
of the nodes of an initially perfect Kelvin cell domain. Furthermore they also considered truly random model foams gener-
ated by Brakke’s Surface Evolver software (1992) (see also Kraynik et al., 2003). However, this modeling was limited to the
prediction of the initial elastic moduli of the foams. In all of these efforts, foam anisotropy was introduced to the models by
elongating the cells in one direction. In addition, it was shown to be imperative that ligament cross sectional geometries as
well as their nonuniform area distributions be properly represented in the models.. All rights reserved.
es).
Fig. 1. Cluster of anisotropic Kelvin cells.
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Fig. 2. Stress-strain response of Al-6101-T6 foam base material.
636 W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650Based on this past experience and success, in the present effort the Al foams studied in Part I will also be idealized either as
regularKelvin cells or asﬁnite sizeperiodicdomainsof irregularKelvin cells. Considerationof fully randommodels like theones
in Jang et al. (2008) is left for the future primarily because of the challenges they present in the treatment of ligament contact.
The geometric details of the Al foams presented in Part I and in Jang et al. (2008) will form the basis for developing themodels.
As in our previous works, because of the size of the domains analyzed, for computational efﬁciency the cell ligaments will be
modeled as elasto-plastic, shear deformable beams assigned the stress–strain properties of the Al-6101-T6 base material
shown in Fig. 2 (E the elastic modulus, ro the yield stress, Ramberg–Osgood ﬁt parameters n and ry are given in the inset).
2. Analysis
2.1. Kelvin cell model
The Kelvin cell consists of 6 squares, 8 hexagons and 36 ligaments and ﬁlls the space as shown in Fig. 1. The corresponding
characteristic cell is shown in Fig. 3. When the ligaments are modeled as beams the periodicity conditions of this cell are as
follows: let the three pairs of opposite bounding faces of the cell be (@Ri1, @Ri2) i = 1,3. The displacements and rotations of
points on these faces are respectively denoted by (ui1, ui2) and (hi1, hi2) i = 1, 3. The following relationships for degrees of free-
dom are prescribed for points on each pair of faces (@Ri1, @Ri2) i = 1, 3:ui1  ui2 ¼ urefi1  urefi2 i ¼ 1;3
hi1  hi2 ¼ 0 i ¼ 1;3
ð1Þ
Fig. 3. Characteristic cell showing placement of a ‘‘contact” spring introduced in direction of loading in a typical vertical rhombus.
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Anisotropy is introduced to the Kelvin microstructure in the manner adopted in Gong et al. (2005a). All ligaments (initial
length ‘) with a projection in the x1-direction are elongated so that this projection is ampliﬁed by the factor k while the pro-
jections in the x2- and x3-directions retain their original lengths. In this manner the cell height becomes h1 ¼ 2
ﬃﬃﬃ
2
p
‘ tana
while the width remains at h2 ¼ 2
ﬃﬃﬃ
2
p
‘. Thus the anisotropy is given by1 Refh1
h2
¼ tana ¼ k ð2Þ(this type of anisotropy was also used in Dement’ev and Tarakanov (1970b)).
2.2. Irregular Kelvin cell models
It has been found that small perturbations of the basic Kelvin cell microstructure have some advantages over the perfect
geometry. One starts with a ﬁnite size domain of Kelvin cells with anisotropy of k and perturbs the coordinates of all the
nodes in the manner introduced in Jang et al. (2008). Let xo represent the initial position vector of a node in the anisotropic
Kelvin cell. The position vector in the perturbed conﬁguration, x, is given byx ¼ xo þ pn‘; 0 6 ni 6 0:5; i ¼ 1;3 ð3Þ
where ni are the amplitudes of the disturbance and p is a normally distributed random number between 0.5 and 0.5 (in the
results that follow n1 = n2 = n3 = no). In this manner the perturbed nodes retain the connectivity of the Kelvin model and the
number of faces in each cell is preserved but they become irregular polygons (see comparison of Kelvin cells with and with-
out such a perturbation in Fig. 4). The disturbance applied to the nodes on opposite faces of the domain is chosen so as to
accommodate periodic boundary conditions. (Alternative methods of generating random foams based on the Voronoi
scheme appear for example Zhu et al. (2000), Roberts and Garboczi (2002), Gan et al. (2005), Kraynik et al. (2003).)
2.3. Ligament geometry
As noted in Section 2 of Part I, the manufacture of the Al foams used in this study resulted in ligament cross sections with
convex sides as shown in Fig. 41. Jang et al. (2008) idealized the cross sections as equilateral triangles and as circles. No sig-
niﬁcant effect of this difference in geometry was noted in the elastic properties, nor in any of the properties studied here. Con-
sequently we will make all ligaments have circular cross section (radius R) with the following sectional properties:A ¼ pR2; Iy ¼ Iz ¼ pR
4
4
; J ¼ pR
4
2
ð4ÞHowever, the cross sectional area varies along the length according to Eq. (1)1 and Fig. 61.ers to Equations, Figures and Tables in Part I.
Fig. 4. (a) Five cells of an anisotropic Kelvin cell foam with k = 1.20. (b) Same cells after node perturbation with amplitude no = 0.15 was applied.
Fig. 5. Geometry of foam ligaments in model.
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When ligaments are modeled as beams that connect four to each node, the ends of the beams overlap. Jang et al. (2008)
removed the overlap material by cutting the ends of the beams as illustrated in Fig. 6. Without this correction, the relative
density is proportional to (Ro/‘)2 where Ro is the radius of the cross section at mid-span. With the correction, the power is no
longer 2 and furthermore depends on the anisotropy according to the power law relationshipq
q
¼ k Ro
‘
 n
ð5ÞTable 1 lists k and n for anisotropy values 1 6 k 6 1.3.
Thus, given a foam density the mid-span radius, Ro, is evaluated from Eq. (5) using the ligament length of the initial iso-
tropic Kelvin cell and the chosen anisotropy. The results of the measurements performed (Fig. 71 ) clearly show that Ao de-
pends on ‘. This effect was introduced in the following approximate manner. The average length of all ligaments ð‘Þ in the
perturbed model was calculated. The lengths were then grouped into two categories, those longer and those shorter than ‘,
and the average length of each category ð‘1; ‘2Þwas established. The two average lengths were then used in Eq. (2)1 to estab-
lish corresponding values for Ao. The effect of this change on the foam density, if any, was not considered.
2.5. Discretization
The ligaments are discretized with ﬁnite elements within the nonlinear code ABAQUS using the B32, 3-node quadratic
space beam element. Each ligament is represented by eight elements of uniform cross sectional area that is listed in
Table 2. The values are based on the symmetric function f(n) in (1)1. For the Kelvin cell model Ao in (1)1 is evaluated directly
from (5) for selected values of relative density and anisotropy. For the irregular Kelvin foam models Ao depends on the
ligament length as described in the previous section.
Fig. 6. A Kelvin cell node consisting of four converging circular cross section beam ligaments with intersecting material removed.
Table 1
Fit parameters for correcting the relative density of Al foams with Eq. (5).
k n k
1.00 1.7072 2.0263
1.10 1.7131 1.9543
1.20 1.7189 1.8985
1.30 1.7250 1.8561
Table 2
Cross sectional area of beam elements in the foam ligaments.
na f(n)
0 6 jnj 6 0.2 1
0.2 < jnj 6 0.3 1.172
0.3 < jnj 6 0.4 1.663
0.4 < jnj 6 0.5 3.227
a 1/2 6 n(=x/‘) 6 1/2.
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Z 1=2
1=2
b
V2ðnÞ
2GA
‘dn where b ¼ A
I2y
Z
z
Q2ðzÞ
bðzÞ dz ð6ÞThe second integral is over the cross section of the ligament shown in Fig. 5 with Q being the ﬁrst moment of area about the
y-axis (b(z) width). For circular cross sections b = 10/9.
2.6. Ligament contact
As was clearly demonstrated in our studies of polymeric foams (Gong and Kyriakides (2005, 2006)), contact between the
collapsing ligaments of cells play a pivotal role in the load plateau traced under displacement controlled compression. The
experiments reported in Part I conﬁrm that contact of ligaments in crushing cells plays a major role in the case of Al foams
also in the crushing plateaus traced in the rise and transverse directions. The complexity of the foam microstructure makes
modeling of ligament contact difﬁcult. Indeed, despite the simpliﬁcations introduced to the analysis by the adoption of the
periodic Kelvin cell, modeling of ligament contact remains a challenge, often causing numerical convergence difﬁculties. We
bypassed this difﬁculty by adopting the following approximation for ligament contact. The corner nodes of all vertical rhom-
bi are connected with springs. Thus, for example, a spring is placed between points a and c in rhombus abcd in Fig. 3. The
springs (ABAQUS SPRINGA) become activated when the distance between the two nodes exceeds a chosen threshold. Once
activated, the spring force depends on the relative displacement of the nodes. The force in the spring is given byF ¼
0; dac 6 w1
k1ðdac  w1Þ; w1 < dac 6 w2
k2ðdac  w2Þ þ k1ðw2  w1Þ; w2 < dac
8><
>: ð7ÞThus, w1 is the gap that must ﬁrst be closed before the spring is activated. In the way of ‘‘softening” the contact, an initial
relatively small spring stiffness k1 is assigned for smaller relative displacements (dac) and a higher one, k2, at larger displace-
ment values. The selection of the variables wa and ka and their effects on the results will be discussed in Section 3.1.2.
3. Results
The response of our idealized foam microstructures to uniaxial compression in the rise and transverse directions is now
analyzed using different size models. For the initial elastic response up to the onset of instability, consideration of one (fully
640 W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650periodic) characteristic cell sufﬁces. Subsequent behavior requires ﬁnite size specimens. Initial cell irregularity is introduced
to some of these ﬁnite domain models. When this is the case the disturbance amplitude, no, will be deﬁned. In these generic
calculations the foam is assigned the relative density value of q*/q = 0.08 and an anisotropy of k = 1.2 both of which approx-
imately represent the average values of the three foams tested. Calculations of the early parts of the responses, before lig-
ament contact set in, are conducted in ABAQUS Standard. Large deformation responses of ﬁnite foam domains that
unavoidably include ligament contact are conducted on ABAQUS Explicit.
3.1. Rise direction
3.1.1. Onset of crushing
Uniaxial compression of one characteristic cell is accomplished by prescribing incrementally the relative displacement
(Dd1) between the upper and lower periodic boundaries. The average stress r11 required to produce this deformation is the
force divided by the initial cross sectional area of the cell (h2  h2 in Fig. 3). Fig. 7 shows the calculated stress–displacement
responses. The stress is normalized by the initial elastic modulus, E1, and the shortening, d1, by the height of the domain
Nh1 (N = 1 for a single cell). The initial part of the response is nearly linear with modulus E

1. Jang et al. (2008) showed that
themodulus is in good agreement withmeasured values and thus this issue will not be further scrutinized here (see reference
for more details). The ligaments experience combined axial compression and bending that eventually cause the material to
yield. Thus, after point a inelastic action sets in and the response becomes progressively softer. The progressive reduction in
stiffness eventually results in a loadmaximum at point b (normalized stress–strain values {5.06  103, 0.0161}). Beyond this
point (bc0) the single cell response has a negative slope indicating that localization may be possible in a lager domain.
Included in the ﬁgure for comparison is the response of the corresponding elastic foam (oab0). Although ligament bending
makes it progressively nonlinear, it retains most of its stiffness until it bifurcates into a long wave mode at a stress of
r1Ce ¼ 0:163E1 and strain of 0.262 (see inset). Prediction of this bifurcation stress is most effectively accomplished through
the Bloch wave method as described in Gong et al. (2005b) (see also Laroussi et al., 2002). The bifurcated solution exhibits an
unstable post-buckling response that leads to localization, etc. as described in Gong and Kyriakides (2005, 2006).
In addition to the deviation from the stiffer elastic response around point a, inelasticity changes the behavior fundamen-
tally. No bifurcation was detected between point a and the load maximum at b. The limit load constitutes of course an insta-
bility that usually implies that in a larger domain localized modes of deformation may become preferred. This possibility is
investigated by considering a larger domain consisting of 5  6 cells in the x1  x2 plane. The domain has periodic boundaries
at the top and bottom as well as the front and back; however, the two vertical sides are now left free and the calculation is
repeated. The response of this domain, drawn in solid dashed line in Fig. 7, coincides with that of the characteristic unit cell
up to point b. Beyond this point it is seen to trace a lower trajectory associated with localized shear deformation that initially
is limited to two diagonal bands as shown in the inset (see also Luxner et al., 2007). This behavior is reminiscent of other
plastic collapse problems governed by limit load instabilities. It also has some resemblance to the behavior of polymeric hon-
eycombs discussed in Papka and Kyriakides (1998) where, however, the limit load was induced by a plastic bifurcation that
led to localized collapse of horizontal rows of cells (see also Triantafyllidis and Schraad, 1998).
The diagonal nature of the localization is a characteristic of the regularity imposed to the microstructure by the Kelvin cell
adopted. This differs from what was observed in the experiments where the initial localization bands were usually inclined0
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Fig. 7. Calculated rise direction prebuckling and initial postbuckling stress-shortening responses. Prebuckling comes from a single periodic cell and the
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sentative of measured values indicating that the limit load is induced by ligament bending at the periodic cell level whereas
the localization is a postbuckling event.
The post-limit load response will be calculated and followed all the way to densiﬁcation using ﬁnite size domains like the
one shown in the inset of Fig. 7. It is thus worth examining if there exist any domain size effects on the results. Fig. 8a shows
a comparison of calculated responses from ﬁve domains of increasing size (M  N M rows  N columns of cells). Included
in the ﬁgure is the trivial response from the periodic unit cell (dashed line). The responses go to displacements of 0.1Nh1 and,
for this reason, these models include contact springs with the following parameters:Fig.fw1 ¼ 0:158k‘; k1 ¼ 4:54; w2 ¼ 0:792k‘; k2 ¼ 110g; where k ¼ 2kk‘=h22E1 ð8Þ
Fig. 8b showsdeformedconﬁgurationsof eachdomaincorresponding to d1 = 0.05Nh1. The responsesare the sameup to the limit
load afterwhich localization commences and the load drops somewhat for all cases. All conﬁgurations in Fig. 8b are seen to de-
velop local shear buckling in bands that are running along the inclined cell alignment directions. In the deforming cells, at some
point the contact springs are activated, in the process limiting the depth of the ﬁrst load drop. The patterns of these bands are
clearlyaffectedbythedomainsizeandby theperiodicity constraints at the topandbottomof thedomain. Themajoreffect of the
difference in band patterns is in the depth and extent of the ﬁrst load trough and in the amplitude and wavelength of the load
oscillations that follow it in the early part of the response. At higher deformations this difference gets reduced. It is important to
point out that in the absence of contact springs the ﬁrst trough ismuch deeper because the ligaments of the collapsing cells are
allowed to penetrate each other and local cell deformation continues until sufﬁcient local tension builds up.
It is interesting to consider similar calculations for irregular Kelvin domains. The domains are now three-dimensional with
4  5  5cellswithperiodicboundaries at the topandbottombut free lateral sides. Suchadomain isﬁrst populatedwithKelvin
cellswith the requiredanisotropy.Thenodesof the cells are thenperturbed randomly (amplitudeno) in themannerdescribed in
Section 2.2. Three-dimensionality does not change the behavior in the early part of the response but, as we will see later, does
affect the onset of densiﬁcation. Fig. 9a compares responses from the perfect microstructure and those from domains of three0
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but the amplitude of the initial undulation in the responses decreases as no increases (we point out that because of the random-
ness of the disturbance, calculated responses corresponding to the same no candiffer slightly). The reason for this change canbe
seen in the comparison of the initial and twodeformed conﬁgurations of the perfect casewith ones froma casewith no = 0.15 in
Fig. 9b. The geometric irregularity tends to break up the symmetry of the banded collapse localization of the perfect case. In-
stead, cell buckling and collapse is more randomly distributed and this ‘‘smoothes” the response.
One of the foam material parameters of interest is the stress at the onset of localization that we have named ‘‘initiation”
stress (rI). In the experiments rI was deﬁned as the stress at the ﬁrst local maximum in the response. In the calculations it
will be associated with the stress at the limit load of the compressive response, which, as we have seen, is correctly captured
by the unit cell domain. Fig. 10a shows calculated results of r^I1 as a function of relative density in the density range of the
experimental results presented in Part I (Fig. 14b1) for a constant anisotropy of k = 1.2. The predictions are seen to be slightly
higher than the experimental results but otherwise follow the experimental trend surprisingly well. Clearly, here inelastic
bending is the major player in the initial material response. Consequently, accurate representation of the material response
and the geometry of the ligaments take precedence over more representative modeling of the randomness of the cellular
microstructure. Incidentally, for the same foams Jang et al. (2008) reported that the Kelvin unit cell produced a similar favor-
able comparison between measured and predicted elastic moduli (predictions included in Fig. 14a1 also). Thus, despite its
geometric idealization this good performance makes the Kelvin cell a viable tool for parametric studies of these properties
of metallic foams. Included in the ﬁgure are the corresponding measured plateau stresses (rP1), which, as pointed out in Part
I, are only slightly lower than the rI1 values for this material. This closeness of the two stresses suggests that the more dif-
ﬁcult calculation of rP1 can be avoided for engineering estimates of these material properties.0
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W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650 643The basic Kelvin cellmodel has been used to calculate themain properties of foams by several research groups (e.g. Demen-
t’evandTarakanov (1970a,b),WarrenandKraynik (1997), Zhuet al. (1997), Laroussi et al., 2002,Mills (2007)).However, inmost
cases cell anisotropy is neglected, the ligaments are assumed to have a uniform cross section and no correction for thematerial
at the nodes is attempted. In order to highlight the importance of these parameters we conducted similar unit cell calculations
using the basic Kelvin cell. Results from thismodel for the elasticmodulus are included in Fig. 14a1where it is seen to yield sig-
niﬁcantly lower predictions than both the experiments and the present Kelvin model (see Section 5.1 of Jang et al. (2008) for
corresponding comparison forpolyesterurethane foammodulus). For example, at a relativedensityof8% thebasicmodel yields
amodulus that is only one-third of the value of the enhancedmodel. Results for rI are included in Fig. 10awhere again they are
seen to be signiﬁcantly lower than themeasured values aswell as from the predictions of the enhanced Kelvinmodel. Thus, for
example, for relative density of 8% the rI of the basic Kelvin is only 50% of the value yielded by the enhanced model.
Finally, the characteristic cell model is used to examine the effect of anisotropy on the initiation stress for relative den-
sities in the range of 7–9%. Results for k values of 1, 1.1, 1.2 and 1.3 are shown in Fig. 11a. In this range of densities r^I1 varies
nearly linearly with q*. Increasing the anisotropy has the effect of shifting the linear relationships upwards. Thus, for exam-
ple, for relative density of 8% r^I1 for k = 1.3 is 22% higher than the value of the isotropic foam.
3.1.2. Crushing response
We nowmove on to consider the large deformation response of such foams associated with the stress plateau that devel-
ops and the densiﬁcation that follows. In similar calculations for elastic foams Gong and Kyriakides (2005), used ﬁnite size
domains consisting of (M  N) Kelvin cells that were one characteristic cell thick and imposed periodicity on the front and
back faces as well as the top and bottom. For our Al foams unfortunately this scheme was not adequate as after some amount
of cell crushing takes place the planar periodicity leads to out of plane kinking of the domain, which is not supported by the
experimental observations. It thus became necessary to analyze this part of the response using three-dimensional domains
with (L M  N) cells that have periodic boundaries on the top and bottom but are free on the sides. For optimal perfor-
mance of the models the Kelvin cell domains were perturbed in the manner described earlier with a perturbation amplitude
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644 W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650of no = 0.15. A representative response calculated for a domain of 6  9  6 cells is shown in Fig. 12a. Included in the ﬁgure is
one of the experimental responses from a 40 ppi foam (R40-4 in Table 21 ). Fig. 12b shows the front views (x1  x2) of a set of
deformed conﬁgurations corresponding to the numbered points marked with solid bullets on the response. In the simulation
the anisotropy is assigned the value of k = 1.2 which is close to the average value of the foams tested. The contact spring
characteristics are the same as those given in the previous section. Although cell buckling and collapse is three-dimensional,
the early part of the response is very similar to the one yielded using a 6  9 2D domain (Fig. 8) and is seen to follow the
experimental one quite closely. The node perturbation breaks up the symmetry of the microstructure and in the process
smoothes the early part of the response as described earlier. The calculated response continues to track the experimental
one well at higher crushing displacements. Here the presence of the contact springs is essential for success. Indeed the spring
constants were selected for best performance in this large deformation regime (see parameter sensitivity below). Although
banded collapse patterns are still visible they are broken up and are randomly distributed through the 3D domain. After an
average strain of about 45% the response becomes increasingly stiffer. By 55% average strain most of the cells have collapsed
and the response takes an upturn as the material is now densiﬁed.
This type of calculation is very time intensive. Thus for example the 6  9  6 domain of Fig. 12 took about 14 days on an
8-processor machine. It is thus of interest to investigate the effect of size domain on the overall response. Fig. 13a shows a
comparison of the 6  9  6 domain response with one from a smaller domain with 4  6  4 cells. A set of deformed con-
ﬁgurations from the latter are included in Fig. 13b. The two responses do not differ in any signiﬁcant manner. The conﬁgu-
rations in Figs. 12b and 13b correspond approximately to the same average strain levels. Comparing them one observes
differences in the cell collapse patterns with the larger domain having somewhat more organized banded collapse patters.
However, in both cases the collapse is three-dimensional and generally disorganized. In view of this insensitivity to size the
limited parametric study that follows was conducted on 4  6  4 cell domains.
As hinted earlier, the contact spring parameters inﬂuence the large deformation response of the foams. Of the parameters
listed in Eq. (7) the most inﬂuential one is w2 which represents the gap that must ﬁrst be closed before the major spring (k2)
is activated. In other words, it governs the amount a cell can deform freely. Responses for three values of w2 are shown in
Fig. 14. The variable has no inﬂuence on the initiation stress and the early part of the crushing response but affects the dis-
placement at which the response starts to pickup and the densiﬁcation. Increasing w2 extends the stress plateau and delays
densiﬁcation (similar to elastic case in Gong and Kyriakides (2005)). The value of w2 = 0.792‘ was found to yield the best
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Fig. 12. (a) Comparison of measured and calculated stress–displacement crushing responses in the rise direction. (b) Sequence of front face deformed
conﬁgurations corresponding to calculated response in Fig. 12a.
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niﬁcant manner while the ﬁrst spring was introduced as a contact ‘‘softening” scheme for numerical expediency.
Finally we consider the effect of cell anisotropy on the whole response. Fig. 15 shows calculated crushing responses for
four ks. The calculations were performed on the same size domain for a relative density of 8%, a node imperfection of 0.15
and the basic contact spring parameters used for the results in Figs. 12 and 13. Increasing the anisotropy has the effect of
increasing the initiation stress in the manner described in Fig. 11 but also causes an increase in the stress for the rest of
the response. The extent of the stress plateau remains essentially the same as it is mainly governed by the contact springs.
Thus, anisotropy inﬂuences the energy absorption capacity of the foam.
3.2. Transverse direction
3.2.1. Onset of crushing
Similar calculations were conducted for uniaxial compression along the transverse direction. Again we ﬁrst consider the
response of one fully periodic characteristic cell but this time the loading is in the x2-direction. The resultant axial stress–
displacement (r22–d22) response (oabc0) is drawn in dashed line in Fig. 16. The stress is normalized by the elastic modulus
E2 and the displacement by the height of the cell h2. The behavior is very similar to that reported for compression in the x1-
direction. The ligaments experience combined axial compression and bending, which in the neighborhood of point a lead to
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Fig. 13. (a) Comparison of calculated stress–displacement crushing responses from different size domains. (b) Sequence of front face deformed
conﬁgurations corresponding to 4  6  4 response in Fig. 13a.
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W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650 647plastiﬁcation. This results in a progressive reduction in the stiffness and eventually to a stress maximum at point b (normal-
ized stress-strain values {5.69 103, 0.01}). No bifurcations were detected up to this point but the presence of the limit load
indicates that localization is possible. Included in the ﬁgure for comparison is the response of the corresponding elastic foam
(oab0). This path is nonlinear but the foam retains most of its stiffness until it bifurcates into a long wave mode at
r2Ce ¼ 0:196E2 and a strain of 0.255 (see inset). Interestingly, the corresponding transverse direction response of the PU
foams of Gong and Kyriakides (2005) bifurcated into a mode limited to the unit cell. This difference is caused by differences
in relative density and in the cross sectional shape and distribution of material in ligaments.
In order to allow localization to developwe consider a larger domain of 5  6 cells with periodic boundaries at the top, bot-
tom, front andback facesbut freeon thesides. Its response, drawn insolid line inFig. 16, coincideswith theunit cell oneup to the
limit load but dropsmore precipitously after point b. A localized band of cells develops along one of the diagonals as illustrated
by the embedded conﬁguration. Thus, the general features of the initial response resemble those observed in the x1-direction.
Similar characteristic cell calculationswere conducted for other relative densities and the same value of anisotropy. Predic-
tions for the transverse direction elasticmodulus are included in Fig. 211. The predictions are seen to be in very good agreement
with themeasured values (as reported in Jang et al., 2008). Predictions for the initiation stress ðr^I2Þ for the same density range
are included in Fig. 10b. The predictions are somewhat lower thanmeasured values for lower density foams andmuch closer to
them for higher densities.
The early part of the post-limit load response was found to exhibit a sensitivity to the domain size similar to that observed
in the rise direction. This is illustrated in Fig. 17a that shows responses corresponding to several different domains. The con-
tact spring parameters chosen for optimal performance are as follows:
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The responses are essentially coincident up to the limit load after which they drop down to a local trough followed by some
waviness. The position of the trough, its extent and the period and amplitude of the oscillations differ from domain to do-
main. Fig. 17b shows a deformed conﬁguration from each case that approximately corresponds to an average strain of 5%. All
cases develop local shear buckling along the inclined cell alignment directions. The difference in the responses is governed
by differences in the shear bands that develop. As was the case for the rise direction, the responses tend to band closer to-
gether at higher deformations. Once again, the oscillations are reduced if the nodes of the anisotropic Kelvin cells are per-
turbed slightly in the manner described in Section 2.2.
3.2.2. Crushing response
Wenow consider the full transverse direction crushing response using a 3D domainwith 12  8  4 cells. Themodel has an
anisotropy of k = 1.2 and the nodeswere perturbedwith an amplitude of no = 0.15. The calculated response is shown in Fig. 18a
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comparisonare twomeasured responses. The initial stresspeak is slightly lower that the experimental oneswhile the rest of the
response tracks the experimental onesquitewell. Crushingoncemore is alongpreferredorientationswith thenumberof crush-
ing bands multiplying as deformation progresses. These features are similar to those observed in the calculations for the rise
direction in Figs. 12 and 13. A small difference is that in this case the extent of the initial stress plateau is very limitedwithmost
of the response exhibiting a gradual monotonic increase. The point of densiﬁcation is also correctly captured, as this was the
major factor for choosing the value of w2. Once again, because the microstructure is Kelvin cell based the collapse is more or-
ganized than in the experiments. Despite this difference the predictive capability of themodel is clearly very good. Various sen-
sitivities of the results tomodel parameters are similar to those reported for rise directionmodels andwill not be repeatedhere.
4. Summary and conclusions
Part II of this study is concernedwith theunderstanding andmodelingof the linear andnonlinear aspects of the compressive
response and crushingof open-cell foam.Aswas the case for ourworkonpolymeric foams (Gonget al., 2005a;GongandKyriak-
ides, 2005; Jang et al., 2008), the foammicrostructure ismodeledusing the regular, space-ﬁlling 14-sided cell of Kelvin assigned
the cell anisotropy and ligament geometry established by X-ray tomography in Part I. The ligaments are modeled as shear-
deformable beams and the base material is elastoplastic calibrated to the properties of the Al-6101-T6 base material.
Using this microstructure a sequence of models for predicting all mechanical foam properties of interest has been devel-
oped. Thus, for example, closed-form expressions have been developed for the elastic moduli (in Gong et al. (2005a) with cell
and ligament parameters from Part I) that were shown to yield results that are in agreement with the values measured in
Part I. At higher stresses, the gradual reduction in the stiffness in the response caused by plastic action is captured numer-
ically using a single, fully periodic characteristic cell. Unlike the corresponding elastic foams that are governed by bifurcation
type instabilities associated with long wavelength modes, in the elastoplastic case the prevalent instability is a limit load.
This can be captured with accuracy using unit cell models. The predicted material strengths have been shown to be in very
good agreement with the measured foam initiation stresses.
650 W.-Y. Jang, S. Kyriakides / International Journal of Solids and Structures 46 (2009) 635–650Modeling of the localization of deformation that follows the limit load requires ﬁnite size domains of Kelvin cells. Typ-
ically, such domains are one characteristic cell thick, have periodic boundaries on the top, bottom, front and back but are
free on the sides. The localization is in the form of shear-type buckling of cells along the principal inclined directions of
the microstructure. In other words, the regularity of the microstructure imposes more regular localization patterns in the
models than those observed in the experiments. In addition, because of the constraint imposed by the domain the initial
postbuckling response was found to exhibit some sensitivity to the domain size. This sensitivity was reduced by introducing
small initial imperfections to the microstructure by perturbing slightly the coordinates of the cell nodes (randomly).
The subsequent spreading of localization, the associated stress plateau, and the point of its termination due to densiﬁcation
are reproduced using even larger ﬁnite size domains. In this case the domain had to be fully three-dimensional. Periodicitywas
imposed to the top and bottom boundaries but the four sides were left free. A necessary component of such calculations is the
modeling of ligament contact. Thiswas approximated by introducing contact springs in the cells that limit the amount the cells
can collapse in the direction of the applied load. This scheme arrests local collapse and causes it to spread to neighboringmate-
rial at a nearly constant stress level as in the experiments. The parameter that decides the gap that must be closed before the
springs are activated decides the onset of densiﬁcation. This parameter was chosen for best agreement between predictions
and experimental results.
Following initiation, crushing continues to take place primarily along inclined bands albeit in a less organizedmanner. De-
spite this difference with the experimentally observed collapse patterns, the calculated responses match very well the exper-
imental ones in all aspects. Interestingly the overall crushing response did not exhibit signiﬁcant sensitivity on the size of the
domain used. Crushing in the transverse direction was caused by similar inclined band localization and was predicted with a
similar degree of success. This very goodperformance of the idealizedmodels indicates that inelastic ligament bending is ama-
jor player in the crushing response. Consequently, accurate representation of the ligament bending rigidity and the basemate-
rial response are essential. By contrast, the randomness of the actual foam microstructure appears to play a secondary role.
The unit cell and ﬁnite size models were used to conduct a limited parametric study of the major problem parameters. All
problem parameters scale with relative density. Increasing the anisotropy increases the elastic modulus and initiation stress
and generally tends to shift the whole crushing response to a higher stress levels.
In conclusion,metal foams idealized by the adoption of theKelvin cellmicrostructure can beused to evaluate allmechanical
properties to engineering accuracy. This provided that theKelvin cells are assigned the ligament geometry and foamanisotropy
of the actual foam being analyzed. The initial elastic properties as well as the initiation stress can be evaluated by considering
just a single characteristic cell. Theefﬁciencyof suchacalculationsmakes themodela strong tool for thedesignof suchmaterial.
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